Abstract. A weak form Galerkin finite element model for the nonlinear quasi-static and fully transient analysis of initially straight viscoelastic beams is developed using the kinematic assumptions of the third-order Reddy beam theory. The formulation assumes linear viscoelastic material properties and is applicable to problems involving small strains and moderate rotations. The viscoelastic constitutive equations are efficiently discretized using the trapezoidal rule in conjunction with a two-point recurrence formula. Locking is avoided through the use of standard low order reduced integration elements as well through the employment of a family of elements constructed using high polynomial-order Lagrange and Hermite interpolation functions.
Introduction
Materials exhibiting characteristics of both elastic solids as well as viscous fluids are commonly known as viscoelastic materials. Prominent examples include metals at elevated temperatures, polymers, rubbers and concrete. The theoretical foundations of viscoelasticity are well established. We refer to the standard texts of Flügge [14] , Christensen [9] , Findley [13] and Reddy [36] for an overview on the theory of viscoelastic material behavior, as well as the classical analytical solution techniques that may be used to solve simple viscoelastic boundary value problems. Viscoelastic materials are often highly desirable for use in structural components, due to their natural ability to dampen out structural vibrations. The capability to satisfactory predict the mechanical response of viscoelastic structures therefore becomes of great importance in engineering design scenarios. and admits a constant state of shear strain on a given cross-section. As a result, the TBT necessitates the use of shear correction coefficients in order to accurately predict transverse displacements. The third-order Reddy beam theory (RBT) was introduced to both account for the effects of shear strains and to also produce a parabolic variation of the shear strain through the thickness [30, 18, 41] . As a result, in the RBT there is no need to introduce shear correction coefficients.
Before presenting the displacement field associated with the RBT we first introduce some standard notation. We let B ⊂ R 
w(X, Y, Z, t) = w 0 (X, t)
where the X coordinate is taken along the beam length, the Z coordinate along the thickness direction of the beam, u 0 is the axial displacement of a point on the mid-plane (X, 0, 0) of the beam and w 0 represents the transverse deflection of the mid-plane. When the deformation is small the parameter ϕ x (X, t) may be interpreted as the rotation of the transverse normal.
The constant c 1 is equal to c 1 = 4/(3h 2 ), where h is the height of the beam and b is the beam width. The displacement field of the Reddy beam theory suggests that a straight line perpendicular to the undeformed mid-plane becomes a cubic curve following deformation, as can be seen in Fig. 1 . Figure 1 . Deformation of a beam structure according to the third-order Reddy beam theory: (a) undeformed configuration and (b) deformed configuration.
2.2.
The effective strain tensor for the simplified theory. In the mechanical analysis of deformable solids, it is necessary to employ stress and strain measures that are consistent with the deformations realized [34, 6] . When the deformations of the body are large, there are a variety of strain measures that may be employed. In our formulation we employ a total Lagrangian description of the deformation. In such analysis, the Green-Lagrange strain tensor E constitutes an appropriate measure of the strain at a point in the body. For the present analysis the non-zero components of E may be expressed as
In the present formulation we wish to develop a finite element framework that is applicable under loading conditions that produce large transverse displacements, moderate rotations (10−15 • ) and small strains [32] . Under such conditions it is possible to neglect the underlined terms in the above definition of the Green-Lagrange strain tensor. Consequently, we employ a reduced form of the Green-Lagrange strain tensor, denoted by ε, whose non-zero components may be expressed as
where c 2 = 3c 1 . The strain components associated with the linearized strain tensor ε are commonly called the the von Kármán strain components. For a comparison of numerical results obtained using the above simplified theory with the full nonlinear theory for elastic structures, we refer to the work of Başar et al. [5] . It is important to note that the material coordinates appearing in the definition of the reduced strain components and throughout the remainder of this paper are denoted as (x, y, z) as a reminder that the present formulation is applicable to small strains and moderate rotations, and is therefore a linearization of the more general finite deformation theory.
2.3.
Linear viscoelastic constitutive equations. For linear viscoelastic materials, the constitutive equations relating the components of the second Piola Kirchhoff stress tensor S to the Green-Lagrange strain E may be expressed in terms of the following set of integral equations
and C(t) is the fourth-order viscoelasticity relaxation tensor. In the present analysis the above expression reduces to
where σ xx and σ xz are the nonzero components of second Piola Kirchhoff stress tensor used in the present simplified formulation. The quantities E(t) and G(t) are the relaxation moduli.
The specific forms of E(t) and G(t) will depend upon the material model employed. For the present analysis we assume that these relaxation functions can be expanded as Prony series of order NPS as
whereĒ l (t) andḠ l (t) have been defined as (following the generalized Maxwell model)
It is important to emphasize that the Prony series representation of the viscoelastic relaxation moduli is critical for the implementation of efficient temporal numerical integration algorithms of the integral type viscoelastic constitutive equations considered in this paper.
We note in passing that effective temporal integration algorithms for alternative classes of viscoelastic constitutive equations, such as fractional derivative models, have also been adopted in the literature (see for example Refs. [10, 11, 12, 15, 42] 
where δK is the virtual kinetic energy, δW I is the internal virtual work and δW E is the external virtual work. The additional quantities ρ 0 , b and t 0 are the density, body force and traction vector, respectively. The above expression constitutes the weak form of the classical
Euler-Lagrange equations of motion of a continuous body.
In 
where V and X are appropriate function spaces. It is important to note that in the finite element implementation, w 0 must be approximated using Hermite polynomials. Consequently, the nodal degrees of freedom of the resulting finite element model will contain not only w 0 but also its derivative. For the sake of brevity we have omitted the superscript e from quantities appearing in the above equations (e.g., x a and x b ) and throughout the remainder of this work. The quantities f and q appearing above are the distributed axial and transverse loads respectively. We have also introduced the following constants
The internal stress resultants N xx , M xx , P xx , Q x and R x are defined as
and can be expressed in terms of the generalized displacements (u 0 , w 0 , ϕ x ) through the use of the viscoelastic constitutive equations. 
where a space-time decoupled formulation has been adopted and n represents the number of nodes per element. In the finite element method, the geometry of each element is characterized using the standard isoparametric mapping from the master elementΩ 
j (t) and ∆ 
The element level equations may be partitioned into the following equivalent set of expres-
where α and β range from 1 to 3 and Einstein's summation convention is implied over β.
Expressions for determining the components of the partitioned element coefficient matrices and vectors are given explicitly in Appendix A. 
The solution may then be obtained incrementally by solving an initial value problem within each subinterval I k , where we assume that the solution is known at t = t k . Within each subregion it is therefore necessary to introduce approximations for both the temporal derivatives of the generalized displacements (resulting from the inertia terms) as well as the convolution integrals (resulting from the viscoelastic constitutive model of the material). Since temporal integration of the inertia terms is relatively straightforward, we restrict the current discussion to discretization of the quasi-static form of the semi-discrete finite element equations only. In this work, we approximate the convolution integrals using the trapezoidal rule within each time subinterval. We further introduce a two-point recurrence formula, associated with a set of history variables that are evaluated at the quadrature points, that is utilized to effectively advance the numerical solution from one time step to the next such that data history is only necessary from the immediate previous time step. Although not entirely the same, the adopted procedure has its roots in many of the key ideas presented in the pioneering work of Taylor et al. [38] , where the finite element method was first employed to solve problems in viscoelasticity using algorithms based on recurrence formulas.
We assume, without loss of generality, that the quasi-static semi-discrete finite element equations have been successfully integrated temporally up until t = t k . Our goal, therefore, is to numerically integrate the finite element equations over the subinterval I k to obtain the solution for the generalized displacements at t = t k+1 . Before proceeding we must emphasize that all subsequent discussions regarding efficient recurrence based temporal integration strategies rely on the following multiplicative decompositions of the Prony series terms appearing in the definition of the relaxation moduli [37] 
where ∆t k+1 = t k+1 − t k is the time step associated with subinterval I k . With the above formulas in mind, we note that the components of Λ α i (t k+1 , s) may be conveniently expressed as
where n 1 = 1, n 2 = 3 and n 3 = 2. The components jΛα i (t k+1 , s) can be decomposed multiplicatively using the following general formula
In the above expression, x m represents the value of x as evaluated at the mth quadrature point of a given finite element. The isoparametric mappingΩ e Ω e used to characterize the geometry of each element allows for simple evaluation of such expressions. The components
Likewise, the components of j lm κ α (t k , s) may be determined using the following formulas
It is important to note that the components of j lm κ α (t k , s) have been defined such that the following multiplicative recurrence formulas holds
The above expressions are admissible on account of the assumption that the relaxation parameters are expressed in terms of Prony series.
We assume that at t = t k the components of the following expression are known
where
is a set of history variables (stored at the quadrature points of each element) that are of the form
We note that j lm X α (0) = 0. At t = t k the above history variables are known and there is no need to explicitly evaluate the expression appearing on the right hand side of Eq. (23) . At the subsequent time step t = t k+1 Eq. (22) may be written as
It is important to note that we have expressed the first integral on the right hand side of the above equation in terms of j lm X α (t k ) (which is known from the previous time step).
To integrate the remaining expression in Eq. (24) over the subinterval I k we employ the trapezoidal rule which may be expressed as
As a result, Eq. (24) can be written in the following simplified form
As a result, in Eq. (26) we have developed a general expression for integrating the viscoelastic terms up to any discrete instance in time. The expression relies on a recurrence relationship defined in terms of the set of history variables j lm X α (t k+1 ). These variables must be stored in memory at the immediate previous time step and may be updated to the subsequent time step in accordance with the procedure outlined in Eq. (27) . The history variables are expressed explicitly in Appendix B. It is now possible to express the fully discretized finite element equations at the current time step as
where each of the components in the above equation are given in Appendix B. 
k+1 {δ∆ e } (r+1)
where {δ∆ e } (r+1) k+1 represents the incremental solution at the (r + 1)th nonlinear iteration. The total global solution at the (r + 1)th iteration is obtained as In the proposed high-order finite element formulation, we employ an unequal spacing of the nodes within each element. We define the nodal points, within the master element Ω e = [−1, +1], in terms of the roots of the following expression
where L p (ξ) is the Legendre polynomial of order p [17] and n = p + 1 represents the number of nodes per element. As a result, the quantities ξ i , where i = 1, .., n, are the nodal points associated withΩ e . In our formulation we construct the high-order Lagrange interpolation functions in accordance with the following expression
The above interpolation functions are often called spectral nodal interpolation functions in the literature [20] . The high-order Hermite interpolation functionsψ
associated with the master elementΩ e may be calculated aŝ
The coefficients c j−1 i appearing in the above expression may be determined by imposing the following compatibility conditions on the interpolation functionŝ
where i and j both range from 1 to n. The Hermite interpolation functions ψ (2) i associated with the physical elementΩ e may be determined as
where J e is the Jacobian of the element coordinate transformationΩ The material model utilized in the quasi-static numerical studies is based upon the experimental results tabulated by Lai and Bakker [23] for a glassy amorphous polymer material (PMMA). The Prony series parameters for the viscoelastic relaxation modulus given in Table   1 were calculated by Payette and Reddy [29] from the published compliance parameters [23] .
As in the work of Chen [8] and Payette and Reddy [29] , we assume that Poisson's ratio is time invariant. As a result, the shear relaxation moduli is given as
where Poisson's ratio is taken to be ν = 0.40 [22] . (1) Hinged at both ends
(2) Pinned at both ends
(3) Clamped at both ends In Table 2 and It is interesting to note that the numerical results for all finite element discretizations are comparable with the exception of the case where the beam is subjected to hinged boundary conditions at both ends. For this problem, the RBT-2 finite element clearly suffers from locking. It is evident, however, that polynomial refinement of the solution naturally alleviates the locking. In fact, the RBT-3 element is almost completely locking free. Overall we find that this element is less prone to locking (when n is small) than the Timoshenko beam element employed previously by Payette and Reddy [29] . The results obtained for the RBT-6 element are spatially fully converged and compare well with the Timoshenko beam results obtained using high-order polynomial expansions [29] .
For the hinged-hinged beam configuration, the vertical deflection coincides with the exact solution of the geometrically linear theory. In Table 3 we compare numerical results obtained using 2 RBT-6 beam elements with the exact solution for the Timoshenko beam theory given by Flügge [14] as
where D(t) is the creep compliance and κ is the shear correction factor. The error in the numerical solution due to temporal integration via the trapezoidal rule tends to over-predict the deflection of the beam as is evident in Table 3 (where numerical solutions Table 4 numerical results are presented for the transverse deflection of pinned-pinned and clamped-clamped beams. The same number of elements (per element type) are employed as in the previous example. In Table 4 we also (which does not account for deformations associated with shearing). Table 4 . Comparison of the quasi-static finite element solutions for the maximum vertical deflection w 0 (L/2, t) of thick pinned-pinned and clampedclamped viscoelastic beams under uniform transverse loading q 0 . 
where q 0 = 0.25 lb f /in, τ = 200 sec. and H(t) is the Heaviside function. The parameters 0 ≤ α ≤ β ≤ 1 are constants whose values may be appropriately adjusted. The load function above is constant for 0 < t < ατ and decays linearly from t = ατ to t = βτ , after which the load is maintained at zero. We utilize the above loading function to numerically demonstrate that the finite element model correctly predicts that the viscoelastic beam will eventually recover its original configuration upon removal of all externally applied mechanical loads.
The numerical solution for the problem is presented in Figure 4 for various values of α and β. It is clear that in all cases, the beam tends to recover its original configuration as t tends to infinity. loading. For this example we employ a simple three parameter solid model utilized previous by Chen [8] . In the standard three parameter solid model, the relaxation modulus may be expressed as
where in the present example k 1 = 9. 
Appendix A: Semi-Discrete Finite Element Equation Components
The components of the partitioned element coefficient matrices and vectors appearing in the semi-discretized finite element formulation, given in Eq. (14) , may be determined as
In the above equations we have made extensive use of the following constantŝ 
Likewise, the components of the fully discretized finite element coefficient matrices and vectors, given in Eq. (28), may be evaluated at the current time step t k+1 as 
where n 1 = 1, n 2 = 3 and n 3 = 2, such that the components 
Clearly the tangent stiffness coefficient matrix is symmetric.
